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Abstract
Coherent Synchrotron Radiation (CSR) in bending mag-

nets poses a potential limit for electron beams to reach high
brightness in novel accelerators. While the longitudinal
wakefield has been well studied in one-dimensional CSR the-
ory and implemented in various simulation codes, transverse
wakefields have received less attention. Following the re-
cently developed two and three-dimensional CSR theory, we
developed software packages in Python and Julia to simulate
the 2D CSR effects. The Python packages, PyCSR2D and
PyCSR3D, utilize parallel processing in CPU to compute the
steady-state CSR wakes. The Julia package, JuliaCSR2D,
additionally computes the 2D transient CSR wakes with
GPU compatibility. We applied these codes to simulate the
2D CSR effects in the FACET-II particle accelerator at the
SLAC National Accelerator Laboratory.

INTRODUCTION
When an electron traverses a curved trajectory, syn-

chrotron radiation is emitted and can apply energy kicks
to the other electrons in the same bunch. The low fre-
quency components of the radiation spectrum, with wave-
lengths on the order of the bunch length, can add coherently,
and is termed coherent synchrotron radiation (CSR). CSR
can result in undesired effects including increase in energy
spread and beam emittance, energy loss, and potential micro-
bunching instability. For a beam with high bunch charge
𝑄 and short bunch length 𝜎𝑧, the effects tend to be more
severe. Because the current FACET-II chicane design at
SLAC calls for great longitudinal beam compression (𝑄 ∼ 2
nC, 𝜎𝑧 ∼ 0.5 µm at the final bunch compressor, CSR effects
can be significant [1].

For fast computation, many simulation codes apply only
the one-dimensional CSR model while neglecting the 2D/3D
CSR effects. The negligence is considered acceptable if the
transverse beamsizes 𝜎𝑥,𝑦 satisfy 𝜎𝑥,𝑦 ≪ 𝜎2/3

𝑧 𝜌1/3, where
𝜌 is the bending radius [2]. However in the middle of the
FACET-II BC2 chicane compressor, this limit is not satisfied,
and inclusion of the 2D/3D effects might be necessary. The
2D/3D CSR theory with a constant 𝜌 has been recently
developed in [3, 4]. In 2021 we developed Python codes,
PyCSR2D and PyCSR3D, to efficiently compute the steady-
state (s-s) wakes [5–7]. This paper shows how we developed
codes in Julia to efficiently calculate the 2D transient wakes
based on the theory, including the entrance and exit wakes
within a bending magnet. The code is named JuliaCSR2D,
and is open-source on Github [8]. The benchmarking results
with 1D transient CSR theory and tracking results with the
FACET-II chicane are also presented here.
∗ wlou@slac.stanford.edu

2D TRANSIENT WAKE COMPUTATION
The 2D transient longitudinal and horizontal CSR wakes

solved in [3] are given in the form of:

𝑊𝑠(𝑧, 𝑥) = ∫∞
−∞ 𝑑𝑥′ ∫𝑧−𝑓 (𝑥−𝑥′)

𝑧−𝑔(𝑥−𝑥′) 𝑑𝑧′𝐸𝑠( 𝑧−𝑧′

2𝜌 , 𝑥−𝑥′

𝜌 )𝜆𝑏(𝑧′, 𝑥′),

𝑊𝑥(𝑧, 𝑥) = ∫∞
−∞ 𝑑𝑥′ ∫𝑧−𝑓 (𝑥−𝑥′)

𝑧−𝑔(𝑥−𝑥′) 𝑑𝑧′𝐸𝑥( 𝑧−𝑧′

2𝜌 , 𝑥−𝑥′

𝜌 )𝜆𝑏(𝑧′, 𝑥′),

in which 𝜆𝑏 is the bunch distribution, and 𝐸𝑠 and 𝐸𝑥 are the
longitudinal and horizontal fields solved in terms of 𝜌 and the
relativistic 𝛾. The fields and the functions in the integration
limits (𝑓 and 𝑔) take different forms depending on the location
of the observation point (𝑧, 𝑥) and the source point (𝑧′, 𝑥′).
When the observation point is located inside the bending
magnet, the wakes are called the entrance wakes. For a
Gaussian bunch, the longitudinal entrance wake becomes
the s-s wake when the observation point traverses beyond
the over-taking distance 𝐿0 = (24𝜎𝑧𝜌2)1/3. Thus for a short
magnet, the s-s might not be reached. When the observation
point is located downstream to the magnet, the wakes are
called the exit wakes.

In the s-s case, these integrals can be efficiently computed
numerically by using an FFT-based convolution [7]. How-
ever this trick is no longer valid due to the finite limits in
the 𝑑𝑧′ integral. Moreover, the field functions (𝐸𝑠 and 𝐸𝑥)
have severe numerical spikes or singularities around 𝑧′ ∼ 𝑧,
especially for large 𝛾. To numerically resolve the spikes, we
apply the Tanh-Sinh Quadrature (QTS) method to evaluate
the 𝑑𝑧′ integrals [9]. QTS allows the integrand to decay
at the two boundaries with a double exponential rate. To
ensure consistent convergence with various parameters, ef-
fort was spent in developing an algorithm to numerically

Figure 1: A contour plot of the longitudinal entrance wake
𝑊𝑠(𝑧, 𝑥) of a Gaussian bunch distribution. Parameters used:
𝛾 = 10, 000, 𝜌 = 1.5 m, 𝜎𝑧 = 𝜎𝑥 = 0.5 µm.
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find the spike locations and place them on the integration
boundaries. We call these locations the break points. Once
the 𝑑𝑧′ integral converges, we simply perform a discrete 1D
summation for the 𝑑𝑥′ integral. Figure 1 and Figure 2 show
respectively the computed 𝑊𝑠 and 𝑊𝑥 entrance wake grids
at an entrance angle of 𝜙 = 0.11 rad using a Gaussian bunch
of 5 million particles (𝑁𝑝 = 5 × 106).

Figure 2: A contour plot of the horizontal entrance wake
𝑊𝑥(𝑧, 𝑥) of a Gaussian bunch distribution. Parameters used
are the same as in Fig. 1.

CONVERGENCE TEST
In JuliaCSR2D there are two numerical parameters con-

trolling the integration resolution: the longitudinal resolu-
tion is controlled by 𝑀, while the horizontal resolution is
controlled by 𝑛𝑥𝑝. For each 𝑥′, we perform either one or
two 1D QTS integrals in the 𝑧′ direction. The number of
integration points for each QTS integral is approximately
3.125 × 2𝑀. The number of integrals to sum in the 𝑥′ direc-
tion is 𝑛𝑥𝑝. Both 𝑀 and 𝑛𝑥𝑝 are integers.

Figure 3 shows the computed longitudinal entrance wake
at the bunch center 𝑊𝑠(𝑧 = 0, 𝑥 = 0) with various 𝑀 and 𝑛𝑥𝑝,
for 𝜙 = 0.01 rad and 0.05 rad respectively. Because the true
value of 𝑊𝑠 is unknown, we use the computed value with
the highest integration resolution (𝑀 = 10, 𝑛𝑥𝑝 = 1000) as
the reference value. In general, the computed wake values
converge as 𝑀 and 𝑛𝑥𝑝 increase. For a small entrance angle
(typically 𝜙 < 0.02 rad ), the convergence requires larger 𝑀
and 𝑛𝑥𝑝 values. For a large entrance angle (𝜙 > 0.03 rad),

Figure 3: Convergence test for 𝑊𝑠(0, 0) at an entrance angle
of 𝜙 = 0.01 rad (left) and 𝜙 = 0.05 rad (right). Parameters
used are the same as in Fig. 1.

using 𝑀 = 7 and 𝑛𝑥𝑝 = 300 is usually enough to achieve a
relative error below 1%. The convergence behavior of the
exit wakes depends similarly on the total bending angle of
the magnet 𝜙𝑚. Large 𝑀 and 𝑛𝑥𝑝 values are required if 𝜙𝑚
is too small. Note that the convergence behavior depends on
𝛾 and 𝜌 too, so a convergence test is highly recommended
when lattice parameters vary. Note that the computation
time is approximately proportional to 𝑛𝑥𝑝 × 2𝑀.

BENCHMARKING WITH 1D CSR THEORY
In this section we benchmarked the computed transient

wakes using JuliaCSR2D within one bending magnet with
the 1D CSR theory. For consistency we used the same Gaus-
sian beam (𝑁𝑝 = 5 × 106) and lattice parameters as in Fig. 1.
Figure 4 shows the agreement between the computed longi-
tudinal entrance wake 𝑊𝑠(𝑧, 𝑥 = 0) and the prediction from
the 1D theory. As the entrance angle 𝜙 increases from 0 to
about 0.8 rad, the wake amplitude continues to grow. As 𝜙
further increases, the top peak begins to drop in amplitude
and ”leaves” the visible range of the bunch. The top peak
of the wake still exists outside 𝑧 > 5𝜎𝑧, but no longer con-
tributes to kick the bunch. Such propagation behavior has
been observed in [10]. At 𝜙 = 0.2, the wake has reached
the steady state.

Figure 4: Benchmarking the longitudinal entrance wake
propagation computed from JuliaCSR2D 𝑊𝑠(𝑧, 0) with the
1D CSR theory.

Similar to Fig. 4, Figure 5 shows the agreement for the
exit wake. As the exit distance 𝜆𝜌 increases, the wake ampli-
tude drops as expected. Note that for JuliaCSR2D, the exit
wake includes the contribution where the source particles are
between the magnet’s exit and the observation point. This
contribution is neglected in the 1D theory, but is required for
the 2D exit wake computation to agree with the 1D theory.
Details regarding this extra contribution are shown in [3].

SLAC FACET-II CHICANE TRACKING
To find out the effects from transient CSR wakes, we ap-

plied JuliaCSR2D on the FACET-II chicane design lattice.
Note that a similar study has been performed with PyCSR2D
in [7]. The lattice and beam parameters are: 𝐸 = 30 GeV,
𝜌 = 1538 m, 𝐿bend = 20 m, and 𝐿drift = 32.5 m, 𝑄 = 2 nC,
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Figure 5: Benchmarking the longitudinal exit wake propaga-
tion computed from JuliaCSR2D 𝑊𝑠(𝑧, 0) with the 1D CSR
theory. 𝜆 is the exit distance divided by 𝜌.

𝜎𝑧 = 40 µm, 𝜎𝑥 = 134 µm. The initial beam is a Gaussian
with energy chirp and 𝑁𝑝 = 106 macro-particles. Figure 6
shows the projected horizontal emittances on a logarithmic
scale as the bunch traverses the chicane with different CSR
settings. As expected, the final bending magnet contributes
the most emittance growth because the CSR effects scale
up with a compressed 𝜎𝑧. While the horizontal CSR wake
is weaker than the longitudinal wake, it still noticeably con-
tributes to the increase in beam emittance. The contribution
from the exit wake is also significant and should not be
neglected. Figure 7 shows the longitudinal and horizontal
phase space plots at the end of chicane tracking, with either
“energy kick only” or “both kicks on”. The additional tran-
sient horizontal CSR wake results in significant differences.

Figure 6: Projected horizontal beam emittance of a Gaussian
bunch traversing the FACET-II chicane with 2D transient
CSR wakes applied from JuliaCSR2D. Each curve corre-
sponds to a different CSR setting.

CODE SPEED-UP, APPLICABILITY
AND FUTURE STEPS

The main reason we switched code development from
Python to Julia is the convenient GPU applicability on Ju-
lia. To achieve this, all the elementary codes have been
made GPU-compatible, including QTS integration and 2D

Figure 7: Longitudinal (top) and horizontal phase space
(bottom) plots at the end of FACET-II chicane tracking with
either energy kick only (left) or both kicks on (right). The
tracking result with 1D CSR is similar to that with the energy
kick only (not shown here).

interpolation. Transient wake computation on JuliaCSR2D
using NVIDIA A100 GPU is approximately 100x faster than
the equivalent calculation on a multi-core (64) CPU. With
𝑀 = 7 and 𝑛𝑥𝑝 = 300, the wake computation per tracking
step takes the GPU less than 40 seconds. Currently the com-
puted wakes could be inaccurate if the entrance angle is too
small (𝜙 < 0.02). This can usually be fixed by including
more macro-particles in the bunch (𝑁𝑝 > 5 × 106), or in-
creasing the integration resolution (𝑀 > 7 and 𝑛𝑥𝑝 > 500).
However both methods increase the computation time. Fu-
ture steps for JuliaCSR2D include adding the space-charge
wake calculation, and applying multiple GPUs for further
speed-up.

CONCLUSION

We have developed Julia codes called JuliaCSR2D to
efficiently compute the 2D transient CSR wakes. The codes
are made GPU compatible to speed up the computation. The
codes have been benchmarked with the 1D CSR theory, and
tracking results for the FACET-II chicane show that both
entrance and exit wakes contribute to the emittance growth,
and transverse wakes can have significant effects on the beam.
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