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Abstract
Recent experimental results have shown a large improve-

ment in the single pass efficiency of an FEL at 160 GHz
by introducing a waveguide to match the average electron
longitudinal velocity to the subluminal radiation group ve-
locity. We now consider the possibility of using a cavity to
recirculate a portion of the THz radiation to seed successive
electron bunch passes through the undulator. The effects of
waveguide dispersion are discussed along with a method to
correct the group velocity delay of the radiation pulse. Fi-
nally, we simulate power outcoupling for four electron beam
passes and evaluate the benefit of dispersion correction.

INTRODUCTION
Among the electromagnetic radiation sources in the 0.1-

10 THz frequency range, FELs have the unique ability to
provide high peak and average power at tunable frequen-
cies with repetition rates limited only by the availability of
electron beams. While FEL lasing conditions are relaxed at
longer wavelengths, radiation diffraction and FEL slippage
reduce the interaction length and gain for a single pass. For
this reason, most operating and planned THz FEL facilities
employ cavity designs where the gain can be increased over
hundreds of micropulses [1–6].

A promising option to increase the single pass gain is
a THz waveguide FEL where the radiation group velocity
is tuned to match the average longitudinal velocity of the
electron beam, eliminating slippage effects. The electron
beam can then be compressed without limit, increasing the
peak current and making it possible to seed the interaction
with a large bunching factor. Recent experimental results
have demonstrated 10% average energy extraction from a
5.5 MeV electron beam in a 1-meter undulator [7]. In this
high gain regime, the interaction quickly saturates and sig-
nificant tapering of the undulator parameters is necessary to
maintain the resonant conditions [8].

The efficiency can be increased further by recirculating
a fraction of the produced THz radiation to seed the inter-
action of successive electron bunches [9, 10]. This could
increase the frequency range of the waveguide FEL as the
gain is limited at higher frequencies by wakefield effects,
smaller bunching factors, and reduced charge transmission.
Additionally, it could compensate for cases where the elec-
tron beam brightness is insufficient to achieve large energy
extraction in a single pass.

The article is organized as follows. First we discuss a
preliminary cavity design for the Pegasus beamline including
∗ This work was supported by DOE grant No. DE-SC0009914.
† afisher000@g.ucla.edu

comments on undulator tapering. Next we present ideal
simulations with no outcoupling to emphasize the benefit
of seeding with radiation. Finally, we discuss a method
for dispersion correction and its effect on the interaction at
different power outcoupling fractions.
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Figure 1: Two cavity designs for the Pegasus beamline with
differing complexity.

CAVITY DESIGN
Figure 1 shows two possible cavity designs for the Pegasus

beamline at UCLA where space constraints in the bunker
restrict the electron beam path to a straight line. Electron
bunches are generated by illuminating a Cu photocathode
in a RF gun with a 40 fs laser pulse. Multiple beams with
tunable delay (necessary to inject electron bunches at the
decelerating radiation phase) can be produced by separating
the pulse with polarizing beamsplitters and using tunable
delay lines.

The first cavity design consists of two concave mirrors on
either side of the undulator. A small hole in the upstream
mirror is needed to accommodate the focused, incoming
electron beam and the radiation is outcoupled with a larger
hole in the downstream mirror. The simple design is appeal-
ing, but the radiation will experience significant waveguide
dispersion on the return trip reducing the peak electric field
that can seed the next pass. A more complicated but versa-
tile design uses an off-axis parabolic (OAP) mirror to reflect
the THz radiation outside the beamline. An outcoupling
THz beamsplitter reflects some radiation to a diagnostics
section for spectral and temporal measurements. A second
waveguide (with larger radius to reduce dispersion) confines
the radiation and limits diffraction losses of the large band-
width pulse. We can easily switch between multiple pass
measurements and single pass measurements by replacing
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the outcoupling beamsplitter with a mirror. However, the
complexity introduces more opportunities for THz losses
due to misalignment, lossy vacuum windows, and ineffi-
cient matching between waveguide and free-space radiation
modes.

Undulator tapering is an important aspect of the cavity
design. In a single pass FEL, the undulator field is simply
tapered to maintain resonance with the decelerated electrons.
For multiple high gain passes, a trade off exists between the
gain achieved in the first pass and the maximum efficiency
when the gain saturates.

It is instructive to consider a 1D (single frequency) model
for a high efficiency FEL interaction [11]. Assuming no seed
radiation and approximately constant bunching, the radiation
field grows linearly in z, requiring a quadratic tapering of
the undulator field. At the other extreme, for strong seeding
we can assume the radiation field remains approximately
constant as the field growth is effectively offset by waveguide
dispersion. In this constant field limit, the ideal tapering is
linear. The best tapering for many passes would tend to the
linear tapering limit as the gain builds over time. For our
experiment considering several passes, the ideal tapering
will include a mix of linear and quadratic terms.

Table 1: Experiment Parameters

Electron Beam Undulator/Waveguide

𝑄 125 pC 𝐾𝑟𝑚𝑠,0 2.18
𝛾 14.5 _𝑢 3.2 cm

𝜎𝛾/𝛾 0.7% 𝑁𝑢 30
𝜎𝑥 , 𝜎𝑦 139 µm, 122 µm WG material Cu
𝜎𝑧 90 `m WG Radius 1.6 mm

𝜖𝑛,𝑥 , 𝜖𝑛,𝑦 5 mm·mrad

RECIRCULATION
Simulations were carried out with the GPTFEL extension

for the General Particle Tracer code (GPT) which expands
the radiation field into a basis of frequency and spatial waveg-
uide modes [12]. The simulation parameters in Table 1 are
borrowed from a follow-up high efficiency single pass exper-
iment targeting 330 GHz where a solenoid and permanent
magnet chicane have been added to the beamline to improve
beam compression and matching into the undulator [13].

At full charge transmission with 125 pC, a single pass can
achieve greater than 20% efficiency. To better highlight the
effects of recirculation, we study the case in which the laser
is used to generate 80 pC bunches at the cathode.

The undulator field tapering given by

𝐵(𝑧) = 𝐵0 for 𝑧 < 𝑧0

𝐵(𝑧) = 𝐵0 (1 − 0.2𝑧(𝑚) − 0.35𝑧(𝑚)2) for 𝑧 ≥ 𝑧0 (1)

where 𝐵0 = 730 mT, was selected using a numerical scan
of the tapering parameters for simulations of three undu-
lator passes. Tapering parameters included the linear and
quadratic terms along with the taperdelay, 𝑧0 = 5 cm.
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Figure 2: Simulation results for three electron bunch passes
with no outcoupling. Temporal profiles are offset to ease
visibility.

Figure 2 shows the electron beam and radiation proper-
ties for three undulator passes with no outcoupling. The
efficiency increases significantly with each pass as the grow-
ing seed field causes the electrons to stay in resonance with
the undulator tapering for longer distances. As electrons
drop out of resonance they begin to slip in phase and can
absorb energy from the radiation, creating the dip in the
spectrum and double peaks in the temporal profile. This
ideal simulation neglects cavity losses, but highlights the
large energy extraction that can be unlocked by seeding with
THz radiation.

DISPERSION CORRECTION

The efficiency for a given pass is directly correlated to
the peak electric field of the seed radiation as the electron
beam is compressed to less than a radiation wavelength. By
compensating for waveguide dispersion, we could achieve
larger peak fields and therefore larger efficiencies, especially
in the presence of cavity losses.

One option involves constructing a layered dielectric struc-
ture on top of a totally reflective surface, forming a multilayer
Gires-Tournois interferometer or MGTI [14]. The layer ma-
terial and thicknesses can be chosen to provide phase delays
that offset the THz dispersion. Larger compensation over
a broader range of frequencies can be achieved by using
multiple MGTIs in series.

The group velocity delay of a signal is defined as the
derivative of the phase with respect to angular frequency.
We can solve for the induced phase of a reflected wave off
an MGTI by enforcing boundary conditions on the fields at
each surface. The induced phase 𝐸𝑟𝑒 𝑓 = 𝐸𝑖𝑛𝑐𝑒

𝑖𝜙 is given
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by

𝜙 = −𝑖 ln
(
𝑅21 − 𝑅22
𝑅11 − 𝑅12

)
where 𝑅 =

𝑁∏
𝑗=1

𝑅 𝑗

and 𝑅 𝑗 =
1
2

(
exp(−𝑖𝜓 𝑗 )b+𝑗 exp(𝑖𝜓 𝑗 )b−𝑗
exp(−𝑖𝜓 𝑗 )b−𝑗 exp(𝑖𝜓 𝑗 )b+𝑗

)
(2)

where b± = 1 ± 𝑛 𝑗

𝑛 𝑗−1
, 𝜓 𝑗 = 𝑛 𝑗𝑑 𝑗𝜔/𝑐, and 𝑛 𝑗 , 𝑑 𝑗 are the

index of refraction and thickness of the 𝑗 𝑡ℎ layer. These
expressions can be extended to non-normal incidence by
replacing 𝑑 𝑗 → 𝑑 𝑗/cos(\ 𝑗 ) where \ 𝑗 is the radiation angle,
and using b±

𝑆
= 1 ± 𝑛 𝑗 cos(\ 𝑗 )

𝑛 𝑗−1 cos(\ 𝑗−1) or b±
𝑃
=

cos(\ 𝑗 )
cos(\ 𝑗−1) ±

𝑛 𝑗

𝑛 𝑗−1
for

S and P polarizations, respectively.
To design our MGTI structures, we need to compute the

group velocity delay for our simulated THz pulses. GPTFEL
outputs the amplitude, phase, frequency, and longitudinal
phase number (denoted 𝐴, 𝜙, 𝑓 and 𝑘𝑧 , respectively) at each
timestep. The waveform 𝐴𝑡00 at a given timestep is evalu-
ated along the vector 𝑧00 which is defined by the frequency
range and number of spatial frequency modes used by the
simulation. For example, the temporal pulse at final time 𝑡 𝑓
is given by

𝐴𝑡00 =
∑︁
𝑚

𝐴𝑚, 𝑓 𝑑𝑁 cos(𝜙𝑚,𝑡𝑜𝑡 ) with (3)

𝜙𝑚,𝑡𝑜𝑡 = 𝑘𝑧,𝑚 (𝑧00 + 𝑐𝑡 𝑓 + 𝑑𝑧) − 𝜔𝑚𝑡 𝑓 + 𝜙𝑚, 𝑓 (4)

where 𝑚 labels the frequency modes, 𝑑𝑁 is the number of
real frequency modes represented by each simulation mode,
𝜔 = 2𝜋 𝑓 , and 𝑑𝑧 represents the pulse position relative to the
waveguide center at 𝑡 = 0. The term 𝑘𝑧𝑐𝑡 𝑓 is responsible for
moving the reference frame at the speed of light.

The waveform can be used to seed another electron bunch
in a simulation starting at 𝑡 = 𝑡𝑖 by defining 𝐴𝑚,𝑖 = 𝐴𝑚, 𝑓

and 𝜙𝑚,𝑖 = 𝜙𝑚,𝑡𝑜𝑡 − 𝑘𝑧,𝑚 (𝑐𝑡𝑖 + 𝑑𝑧) + 𝜔𝑚𝑡𝑖 . Additionally,
the waveform can be shifted a distance Δ𝑧 in 𝑧 by adding the
phase −𝑘𝑧,𝑚𝑧0 to 𝜙𝑚,𝑡𝑜𝑡 .

To compute the group velocity delay for our waveform,
one must "unwind" the total phases 𝜙𝑚,𝑡𝑜𝑡 from being de-
fined in [−𝜋, 𝜋) and numerically differentiate with respect
to angular frequency. Figure 3 shows the inverse of the cal-
culated group velocity delay for the first pass through the
undulator along with the correction from two MGTI struc-
tures made with alternating layers of silicon and air. After
compensating the group velocity delay, the corrected 𝜙𝑚,𝑡𝑜𝑡

is found by numerically integrating with respect to angular
frequency.

Figure 4 shows the results of the dispersion correction
from Fig. 3. Because the MGTI structure was only de-
signed to compensate frequencies within ≈ 100 GHz of the
resonant frequency, the pulse still has long dispersed tails.
However, the two temporal peaks in the original signal have
now merged. It should be noted that while the field is larger
at the two peaks than at 𝑍 = 0, the peak frequencies are
higher and lower than the resonant frequency and will not
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Figure 3: Fitting the inverse of the THz dispersion with two
MGTI structures. First structure has two layers: 130 µm Si,
780 µm air. Second structure has four layers: 110 µm Si,
760 µm air, 50 µm Si, 140 µm air.

efficiently couple with an electron beam in successive passes.
Thus, comparing the field strengths at 𝑍 = 0, we see that the
MGTI correction has increased the THz field by at least a
factor of 2.

As long as efficient energy exchange occurs between the
electrons and the radiation in the undulator, the effect of
waveguide dispersion is limited, similar to gain guiding in
free space FELs. Only when electrons fall out of resonance
do we see strong dispersive signatures. For this reason, we
expect the benefits of dispersion correction to diminish as
the efficiency increases.
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Figure 4: MGTI correction of THz waveform from first
undulator pass.

OUTCOUPLING
A THz cavity must outcouple a certain fraction of power

in each pass. Figure 5 shows the efficiencies for undulator
passes with and without MGTI disperison correction for
a range of power outcouplings (first pass is same for all
and therefore not shown). The outcoupling was applied by
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Figure 5: Efficiency of undulator passes with (dotted line)
and without (solid line) dispersion correction for different
power outcoupling fractions.

scaling the mode amplitudes by a factor of
√

1 − 𝑃𝑜𝑢𝑡 where
𝑃𝑜𝑢𝑡 is the fraction of power removed from the cavity.

The benefit of dispersion correction is greatest for passes
with low gain where the waveguide dispersion effect is
largest. At low power outcoupling, there is negligible benefit
as the interaction begins to saturate after only a few passes
(efficiency limited by undulator tapering). However at out-
coupling fractions greater than 0.6, dispersion correction
allows each pass to maintain efficiencies of ∼ 17% while
the efficiencies of the uncorrected passes converge to the
zero-seed limit (∼ 8%).

Assuming a saturated efficiency of 30% for an outcoupling
fraction of 0.5, the amount of energy outcoupled per pass is
twice that produced by a single pass design.

CONCLUSION
The single pass gain of a high efficiency waveguide FEL

can be limited by available electron beam brightness along
with wakefield effects and reduced charge transmission at
higher frequencies. In these cases, a cavity that recircu-
lates a portion of the radiation to seed successive electron
bunches significantly increases the possible energy extrac-
tion from each pulse. Pulse dispersion from the waveguide
(strongest for lower gain passes) can be compensated using
MGTI structures to increase the peak field, achieving gain
saturation in fewer passes and improving efficiency for large
power outcoupling. Simulations using nominal experiment
parameters at a reduced charge suggest the outcoupled THz
energy per pulse of a recirculating cavity is twice that of a
single pass design.
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