
Optimizing the Discovery of 
Underlying Nonlinear Beam 

Dynamics

Liam A. Pocher, Levon Dovlatyan, Irving Haber, Thomas M. Antonsen Jr., 
Patrick G. O’Shea

18/09/22

Bright Beams Collective



We are addressing one of the grand challenges in 
Beam Physics.
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• Aim: speed up commissioning and design studies of accelerators 
by uncovering underlying physics in virtual and real accelerators

• Approach: apply an existing method from the data-driven, 
nonlinear dynamics community called SINDy



What is SINDy and how can it be used for Beam 
Physics?

• SINDy = Sparse Identification 
of Nonlinear Dynamics
•Uncover physics in problems 

that can’t be solved 
analytically.
•Predictive and Productive

<latexit sha1_base64="KfVPYaHc0StouUFMVNNYBqL7JBk=">AAACBHicbVC7TsMwFL0pr1JeBcYuFhUSU5UgBIwVLIwF0YfUhMpxndaq40S2g6iiDCz8CgsDCLHyEWz8DW6bAVqOZOn4nHt17z1+zJnStv1tFZaWV1bXiuuljc2t7Z3y7l5LRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/7ocuK376lULBK3ehxTL8QDwQJGsDZSr1xxQ6yHfpA+ZMhlAs2+fnqT3Rm3atfsKdAicXJShRyNXvnL7UckCanQhGOluo4day/FUjPCaVZyE0VjTEZ4QLuGChxS5aXTIzJ0aJQ+CiJpntBoqv7uSHGo1Dj0TeVkRzXvTcT/vG6ig3MvZSJONBVkNihIONIRmiSC+kxSovnYEEwkM7siMsQSE21yK5kQnPmTF0nruOac1k6uT6r1izyOIlTgAI7AgTOowxU0oAkEHuEZXuHNerJerHfrY1ZasPKeffgD6/MH/CKYUw==</latexit>

x 2 Rn
<latexit sha1_base64="0lFAcEo19jswztama5a2O+Lp3WE=">AAACGnicbVDLSsNAFJ34rPUVdelmsAh1UxIp6kYounFZwT6gCWUymbRDJ5MwMxFLyHe48VfcuFDEnbjxb5y0wUfrgYEz59zLvfd4MaNSWdansbC4tLyyWlorr29sbm2bO7ttGSUCkxaOWCS6HpKEUU5aiipGurEgKPQY6Xijy9zv3BIhacRv1DgmbogGnAYUI6Wlvmk7gUA49bPUVxl0QqSGXpDeZfD8+xNksPpjHPXNilWzJoDzxC5IBRRo9s13x49wEhKuMENS9mwrVm6KhKKYkazsJJLECI/QgPQ05Sgk0k0np2XwUCs+DCKhH1dwov7uSFEo5Tj0dGW+opz1cvE/r5eo4MxNKY8TRTieDgoSBlUE85ygTwXBio01QVhQvSvEQ6SzUjrNsg7Bnj15nrSPa/ZJrX5drzQuijhKYB8cgCqwwSlogCvQBC2AwT14BM/gxXgwnoxX421aumAUPXvgD4yPLwNjoXg=</latexit>

d

dt
x = f(x)

<latexit sha1_base64="aDJIFqOtNv3NypzRqSqFu9mYWms=">AAACEnicbVDLSsNAFJ34rPVVdelmsAjtpiRS1I1QdOOyQh+BJpTJdNIOnTyYuRFKyDe48VfcuFDErSt3/o2TtqC2Hhg4nHPvnXuPFwuuwDS/jJXVtfWNzcJWcXtnd2+/dHDYUVEiKWvTSETS9ohigoesDRwEs2PJSOAJ1vXGN7nfvWdS8ShswSRmbkCGIfc5JaClfqnqDCJInYDAyPNTO8vwFXZaIwak8iNWsWPzfqls1swp8DKx5qSM5mj2S596Nk0CFgIVRKmeZcbgpkQCp4JlRSdRLCZ0TIasp2lIAqbcdHpShk+1MsB+JPULAU/V3x0pCZSaBJ6uzNdUi14u/uf1EvAv3ZSHcQIspLOP/ERgiHCeDx5wySiIiSaESq53xXREJKGgUyzqEKzFk5dJ56xmndfqd/Vy43oeRwEdoxNUQRa6QA10i5qojSh6QE/oBb0aj8az8Wa8z0pXjHnPEfoD4+Mbvuidgg==</latexit>
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Example Problem: University of Maryland Electron Ring
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• 18 periods -> 1 superperiod
• Examine transverse displacement �⃗�!(𝑧) for 1 turn
• Using WARP data-source for virtual data



Examining the Data
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ỹc

10°1 100 101 102

kz
2º = 1

∏z
(1/m)

10°3

10°2

10°1

100

M
ag

ni
tu

de

Fourier Transform e~x?
°

kz
2º

¢

x̃c

ỹc
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Figures of Merit:

• Self intersecting ≠ ODE

• Use independent variable 
z to ensure ODE behavior



Choosing Basis Functions

• Choice of basis function guided by physics 
and dynamics inherent within the WARP 
simulation and embedded within the 
data.
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d

dz
x = f(x)

Simple Harmonic Motion Lattice Elements: Fourier Nonlinear Interaction
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f(x) ⇡ ⇠0x0 + ⇠1x+
3X

i=1

[⇠ccos(kiz) + ⇠ssin(kiz) + ⇠nc x cos(kiz) + ⇠ns x sin(kiz)]
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1st Try: Fourier

8/09/22 70 2 4 6 8 10 12

z0 ° z (m)

°0.5

0.0

0.5

1.0

h~x
?
(z

)~x
?
(z

0 )
i

Centroid Autocorrelation

WARP hxc(z)xc(z0)i
WARP hyc(z)yc(z0)i
SINDy hxc(z)xc(z0)i
SINDy hyc(z)yc(z0)i

0 2 4 6 8 10 12

z (m)

0.0

0.5

1.0

1.5

E
rr

or
Fr

ac
ti

on

Error

0 1 2 3 4 5
kz
2º = 1/∏z (1/m)

10°10

10°8

10°6

10°4

10°2

M
ag

ni
tu

de

Fourier Transform
x̃c WARP
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2nd Try: Fourier + Simple Harmonic Motion (SHM)
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Higher Fidelity



3rd Try: Fourier + SHM + Nonlinear (NL) Interaction
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Machine Learning
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SINDy is a Promising Approach

• We aim to develop a Predictive and 
Productive framework for beam dynamics 
with high fidelity.
• We desire to apply SINDy in areas of 

interest to the broader community.
• Many thanks to David Sutter for 

collaborative disscusions as well as the 
SINDy community enabling this work.
• Work supported by US DOE-HEP grants: 

DE-SC0010301 and DE-SC0022009
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